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In quantum metrology quantum properties such as squeezing and entanglement are exploited in
the design of a new generation of clocks, sensors and other measurement devices that can outperform
their classical counterparts. Applications of great technological relevance lie in the precise measure-
ment of parameters which play a central role in relativity, such as proper accelerations, relative
distances, time and gravitational field strengths. In this paper we generalise recently introduced
techniques to estimate physical quantities within quantum field theory in flat and curved space-time.
We consider a bosonic quantum field that undergoes a generic transformation, which encodes the
parameter to be estimated. We present analytical formulas for optimal precision bounds on the
estimation of small parameters in terms of Bogoliubov coefficients for single mode and two-mode
Gaussian channels.
I. INTRODUCTION
Quantum metrology provides techniques to enhance
the precision of measurements of physical quantities by
exploiting quantum properties such as squeezing and en-
tanglement. Such techniques are being employed to de-
sign a new generation of quantum measurement technolo-
gies such as quantum clocks and sensors. Impressively,
the quantum era is now reaching relativistic regimes.
Table-top experiments demonstrate relativistic effects
in quantum fields [1] and long range quantum experi-
ments [2] will soon reach regimes where relativity kicks
in [3, 4]. It is therefore of great interest to develop quan-
tum metrology techniques to measure physical quanti-
ties that play a role in relativity. These can lead to the
measurement of gravitational waves and applications in
relativistic geodesy, positioning, sensing and navigation.
Recently, techniques that apply quantum metrology
to quantum field theory in curved and flat space-time
have been developed [5–7]. Quantum field theory allows
one to incorporate relativistic effects at the regimes that
are being reached by cutting-edge quantum experiments.
The application of quantum metrology to quantum field
theory can in principle produce technologies that outper-
form (non-relativistic) quantum estimation of Newtonian
gravitational parameters [7]. Indeed, it was shown that
relativistic effects can be exploited to improve measure-
ment technologies [7].
In this paper we generalise metrology techniques to es-
timate physical quantities that play a role in relativistic
quantum field theory. Previous work aligned with this
spirit showed that entanglement can be used to deter-
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mine the expansion rate of the universe [8] and that phase
estimation techniques could be employed to measure the
Unruh effect at accelerations that are within experimen-
tal reach [5, 9]. The limitations imposed by the quan-
tum uncertainty principle in the measurement of space-
time parameters were investigated within locally covari-
ant quantum field theory [6] and non-relativitic quan-
tum mechanics [10]. Reference [7] shows that quantum
metrology techniques employing the covariance matrix
formalism are ideally suited to estimate parameters in
quantum field theory. The techniques were applied to the
estimation of parameters of a field contained in a moving
cavity undergoing arbitrary motion. This led to the de-
sign of an accelerometer that can improve by two orders
of magnitude the state-of-the-art optimal measurement
precision. Its important to point out that the equations
presented in [7] are only directly applicable to the exam-
ple of the moving cavity.
In this paper we generalize the techniques introduced
in [7] by considering a bosonic quantum field that under-
goes a generic transformation, which encodes the param-
eter to be estimated. Such transformation can involve,
for example, space-time dynamics such as the expansion
of the Universe, a general change of an observer’s refer-
ence frame, as well as the example of a cavity undergoing
non-uniform motion. In the case that the transformation
admits a series expansion around the parameter to be es-
timated, we present general expressions for optimal pre-
cision bounds in terms of Bogoliubov coefficients. Our
analysis is restricted to single mode and two-mode Gaus-
sian states for which elegant and simple formulas can be
provided.
The structure of this paper is as follows: in the next
section we review notions from quantum field theory
showing how the state of the field and its transformations
can be described in the covariance matrix formalism. In
section III, we will review quantum metrology techniques
where the quantum Fisher information provides optimal
bounds on measurement precisions. In section IV we gen-
eralise techniques for relativistic quantum metrology by
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2providing analytical expressions for the quantum Fisher
information in terms of the Bogoliubov coefficients of
general transformations. In the last section, we compare
single-mode and two-mode channels showing, in particu-
lar, that two-mode channels improve measurement pre-
cision in the example of a non-uniformly moving cavity.
II. QUANTUM FIELD THEORY IN CURVED
SPACE-TIME AND THE COVARIANCE MATRIX
FORMALISM
We start by describing the states of a bosonic quan-
tum field that undergoes a transformation which en-
codes the parameter we want to estimate. We con-
sider a real massless scalar quantum field Φ in a space-
time with metric gµν . The signature of the metric is
(−,+,+,+). The field obeys the Klein-Gordon equa-
tion Φ = 0 where the d’Alambertian takes the form
 := (√−g)−1∂µ√−ggµν∂ν . Here g = det(gµν) is the
determinant of the metric. The field can be expanded in
terms of a discrete set of modes [11],
Φ =
∑
n
[φnan + h.c.] , (1)
where the creation and annihilation operators, a†n and
an, satisfy the canonical bosonic commutation relations
[am, a
†
n] = δmn. The modes {φn|n = 1, 2, 3, ...} are solu-
tions to the Klein-Gordon equation and form a complete
set of orthonormal modes with respect to the inner prod-
uct, denoted by ( · , · ) [15]. The vacuum state |0〉 of the
field is defined as the state that is annihilated by the
operators an for all n, i.e., an|0〉 = 0.
It is important to note that the mode decomposition
is not unique, the field can be decomposed in terms of a
new set of modes which we denote φ˜n. For example, a
coordinate transformation between different observers re-
sults in a Bogoliubov transformation between the modes
φn and mode solutions φ˜n in the new coordinate system.
Indeed a Bogoliubov transformation is the most gen-
eral linear transformation between two sets of field modes
φn and φ˜n. The transformation between the correspond-
ing operators am and a˜n is given by
a˜m =
∑
n
(
α∗mnan − β∗mna†n
)
, (2)
where αmn := (φ˜m, φn) and βmn := (φ˜n, φ
∗
m) are the
Bogoliubov coefficients. The operators a˜n define the vac-
uum state |0˜〉 in the new basis through the condition
a˜n|0˜〉 = 0. Paradigmatic examples are the Bogoliubov
transformations between inertial and uniformly acceler-
ated observers in flat space-time, between Kruskal and
Schwarzschild observers in a black-hole space-time and
between observers at past and future infinity in an ex-
panding Universe [15].
In quantum field theory different observers not always
agree on the particle content of a state [15]. Note that
|0˜〉 is annihilated by the initial field operators an only
if all coefficients βmn are zero. Therefore, βmn 6= 0 is
an indication of the particle creation. This occurs, for
instance, in the Unruh effect where the inertial vacuum
state is seen as a thermal state by uniformly accelerated
observers [15]. An example of particular interest in this
work is that of a cavity undergoing non-inertial motion
[12–14]. The vacuum state of an inertial cavity becomes
populated after the cavity undergoes non-uniformly ac-
celerated motion [1]. As we mentioned before, the Bo-
goliubov coefficients depend on the parameter we want to
estimate. Examples of such parameters are proper time,
the expansion rate of the Universe, the mass of a black
hole, the acceleration of a cavity, among others.
Let us now describe the state of the field and its Bo-
goliubov transformations in the covariance matrix for-
malism. This formalism has been used to investigate en-
tanglement in quantum field theory [14, 17, 18] since
it is applicable to systems consisting of a (discrete) in-
finite number of bosonic modes. The covariance ma-
trix formalism enables elegant and simplified calcula-
tions to quantify bipartite and multipartite entangle-
ment for Gaussian states [13, 18]. In order to intro-
duce this formalism we define the quadrature operators
X2n−1 = 1√2 (an + a
†
n) and X2n =
1√
2 i
(an − a†n), which
correspond to the generalised position and momentum
operators of the field. We will restrict our analysis to
Gaussian states since they take a simple form in this for-
malism. These states are completely described by the
expectation values of the quadratures 〈Xi〉 (also known
as the first moments of the field) and the covariance ma-
trix Σij = 〈XiXj + XjXi〉 − 2〈Xi〉〈Xj〉. The unitary
transformations in the Hilbert space that are generated
by a quadratic Hamiltonian can be represented as a sym-
plectic matrix S in phase space. These transformations
form the real symplectic group Sp(2n,R), the group of
real (2n × 2n) matrices that leave the symplectic form
Ω invariant, i.e., SΩST = Ω, where Ω =
⊕n
k=1 Ωk and
Ωk = −iσy and σy is one of the Pauli matrices. The time
evolution of the field, as well as the Bogoliubov transfor-
mations, can be encoded in this structure. The symplec-
tic matrix corresponding to the Bogoliubov transforma-
tion in Eq. (2) can be written in terms of the Bogoliubov
coefficients as
S =

M11 M12 M13 · · ·
M21 M22 M23 · · ·
M31 M32 M33 · · ·
...
...
...
. . .
 , (3)
where the Mmn are the 2× 2 matrices
Mmn =
( <(αmn − βmn) =(αmn + βmn)
−=(αmn − βmn) <(αmn + βmn)
)
. (4)
Here < and = denote the real and imaginary parts, re-
spectively. The first moments and covariance matrix
after a Bogoliubov transformation are given by 〈X˜〉 =
S〈X0〉 and Σ˜ = SΣ0ST respectively, where 〈X0〉 and Σ0
3encode the initial state of the field. In this formalism it is
relatively easy to apply metrology techniques to estimate
physical quantities which are encoded in the Bogoliubov
coefficients.
III. QUANTUM METROLOGY
In this section we briefly review metrology techniques
for Gaussian states. Quantum metrology deals with the
estimation of quantities that do not correspond to an
observable of the system [19]. Examples are tempera-
ture, time, acceleration, and coupling strengths. The
techniques assume that the state of a quantum system
undergoes a transformation which encodes the parame-
ter to be estimated. The main aim is to find the optimal
estimation strategy, i.e. finding an optimal initial state
and the set of measurements on the final state that will
allow us to estimate the parameter with the highest pos-
sible precision. We are interested in estimating the pre-
cision in the case one measures only one or two modes in
a Gaussian state. Note that symplectic transformations
take Gaussian states into Gaussian states.
A parameter θ can be estimated with high accuracy
when the states ρθ and ρθ+dθ, which differ from each
other by an infinitesimal change dθ, can be distinguished.
The operational measure that quantifies the distinguisha-
bility of these two states is the Fisher information [20].
Let us suppose that an agent performs N independent
measurements to obtain an unbiased estimator θˆ for
the parameter θ. The Fisher Information F (θ) tells us
how much information can be extracted about the un-
known parameter θ. In other words it gives us a lower
bound to the mean-square error in the estimation of θ via
the classical Crame´r-Rao inequality [21], i.e., 〈(∆θˆ)2〉 ≥
1
NF (θ) , where F (θ) =
∫
dλ p(λ|θ)(d ln[p(λ|θ)]/dλ)2 and
p(λ|θ) is the likelihood function with respect to a cho-
sen positive operator valued measurement (POVM) {Oˆλ}
with
∑
λ Oˆλ = 1 . Optimizing over all the possible
quantum measurements provides an even stronger lower
bound [22], i.e.,
N〈(∆θˆ)2〉 ≥ 1
F (θ)
≥ 1
H(θ)
, (5)
where H(θ) is the quantum Fisher information (QFI).
This quantity is obtained by determining the eigenstates
of the symmetric logarithmic derivative Λρθ defined by
2dρθdθ = Λρθρθ + ρθΛρθ . Alternatively, the QFI can be
related to the Uhlmann fidelity F of the two states ρθ
and ρθ+dθ through
H(θ) =
8
(
1−√F(ρθ, ρθ+dθ))
dθ2
, (6)
where F(ρ1, ρ2) = (tr
√√
ρ1ρ2
√
ρ1)
2 . The optimal ma-
surements for which the quantum Crame´r-Rao bound (5)
becomes asymptotically tight can be computed from Λρθ
[23]. Unfortunately, these optimal measurements are usu-
ally not easily implementable in the laboratory. Never-
theless, in typical problems involving optimal implemen-
tations one can devise suboptimal strategies involving
feasible measurements such as homodyne or heterodyne
detection, see, e.g., [19]. In this paper we are interested in
comparing the quantum Crame´r-Rao bound for different
initial states.
Expressions for the fidelity for one and two mode states
have been previously obtained. The fidelity between two
generally mixed single mode Gaussian states σ and σ′ is
given by [24]
F (σ, σ′) =
1√
Λ + ∆−√Λ exp[−〈∆X〉
TA−1〈∆X〉], (7)
where
A =σ + σ′,
〈∆X〉 = 〈X〉σ′ − 〈X〉σ,
∆ =
1
4
det(A),
Λ =
1
4
det(σ + iΩ) det(σ′ + iΩ).
Note that we follow the conventions used in [13, 14] for
the normalization of the covariance matrix, which differ
from other conventions [24].
Now let σ and σ′ be two-mode Gaussian states with
zero initial first moments. The Fidelity between them is
given by [24]
F(σ, σ′),= exp[−〈∆X〉
TA−1〈∆X〉]
√
Λ +
√
Γ−
√
(
√
Λ +
√
Γ)2 −∆
, (8)
where
Γ =
1
16
det(iΩσiΩσ′ + 1)
Λ =
1
16
det(iΩσ + 1)det(iΩσ′ + 1)
∆ =
1
16
det(A)
A =σ + σ′, (9)
and 1 is the identity matrix.
IV. RELATIVISTIC QUANTUM METROLOGY
We now develop the main formalism contained in this
work. We consider a bosonic quantum field which under-
goes a general Bogoliubov transformation that depends
on a dimensionless parameter θ, where θ is the parame-
ter we want to estimate. We assume that the Bogoliubov
coefficients which relate the initial and final state of the
field have a series expansion in terms of θ,
αmn = α
(0)
mn + α
(1)
mn θ + α
(2)
mn θ
2 + O(θ3) , (10a)
βmn = β
(1)
mn θ + β
(2)
mn θ
2 + O(θ3). (10b)
4This implies that our formalism applies only to small pa-
rameters θ. Such assumption enables us to provide an-
alytical expressions for the quantum Fisher information
in terms of general Bogoliubov coefficients. A comment
about the small parameter θ is in order. Note that θ
will generally be a function of a dimension-full parame-
ter we ultimately want to estimate which needs not to be
small in absolute terms. As an example consider θ = v/c,
where v is the velocity of the system and c is the speed
of light. In this case, our perturbative treatment allows
for the estimation of velocities as large as v ∼ 0.1c.
To find the leading order term in θ of the quantum
Fisher information we need to compute the second order
term in the expansion of the fidelity, i.e. the coefficient
of dθ2. Equations (10) lead to an expansion for the sym-
plectic transformation
S(θ) = S (0) + S (1)θ + S (2)θ2 +O(θ3). (11)
Therefore, the first moments and the covarinace matrix
can be written as
〈X〉θ = S(θ)〈X0〉
= 〈X〉 (0) + 〈X〉 (1)θ + 〈X〉 (2)θ2 +O(θ3) (12)
and
σ(θ) = σ (0) + σ (1)θ + σ (2)θ2 +O(θ3). (13)
In general, it is of interest to analyze the evolution of a
finite set of modes of the field. Using Willamson’s de-
composition [25], we can write the marginal covariance
matrix of the N -modes as σ(θ) = s(θ)σ⊕(θ)s†(θ), where
s is a 2N × 2N symplectic transformation with the ex-
pansion
s(θ) = s (0) + s (1)θ + s (2)θ2 +O(θ3), (14)
and σ⊕(θ) = diag(ν1(θ), ν2(θ), ν1(θ), ν2(θ)) is known as
the symplectic form of s(θ). The functions νi(θ) are
called the “symplectic eigenvalues” of s(θ). They are
simply the eigenvalues of the matrix |iΩσ(θ)|. In general
νi ≥ 1, where the equality holds for pure states.
In this paper we consider states that are initially pure
and that remain pure to lowest order in the parameter
θ i.e., det[σ(θ)] = 1 + O(θ). This is means that the Bo-
goliubov transformations do not entangle modes to zero
order. This requirement, together with the unitarity con-
dition of the Bogoliubov transformations, implies that
the α-coefficients to zero order are α (0)mn = Gnδmn, where
Gn = exp(iφn). This also implies that the expansion of
the symplectic eigenvalues νi(θ) in terms of θ is
νi(θ) = 1 + ν
(1)
i θ + ν
(2)
i θ
2 +O(θ3). (15)
Imposing the necessary constraints F(σ(θ), σ(θ)) = 1
and [26]
∂F(σ(θ), σ(θ + dθ))
∂dθ
∣∣
dθ=0
= 0, (16)
allows us to write the expansion of fidelity as
F(σ(θ), σ(θ+dθ)) = 1−F (2) dθ
2
2
+O(θdθ2 +θ2dθ). (17)
We find that the second order term in the fidelity has two
contributions F (2) = E (2) + C (2). The first contribution
comes form the expansion of the exponential term in the
fidelity formulas (7) and (8) which is given by
e−〈∆X〉
TA−1〈∆X〉 = 1− E (2)dθ2
= 1− 〈X〉 (1)TA−1 (0)〈X〉 (1)dθ2,
(18)
where A−1
(0)
= A (0)
−1
. The second contribution C (2)
comes from the denominator in equations (7) and (8).
Having found the second order contributions to the fi-
delity we can write the QFI as
H = 4(E (2) + C (2)). (19)
In the following sections we compute E (2) and C (2) for
single-mode and two-mode detection schemes.
1. Single-mode detection
We start by considering the scenario in which a single
mode k of the quantum field is detected to estimate the
parameter θ. Therefore, we assume that all of the modes
of the quantum field are initially in the vacuum state ex-
cept for mode k which is in a squeezed displaced vacuum,
i.e. |Ψ0〉 = Sk(r)Dk(δ)|0〉, where Dk(δ) = exp[δ(a†k−ak)]
and Sk(r) = exp[
r
2 (a
†2
k − a
2
k)] are the displacement and
squeezing operators, respectively. The parameters δ and
r determine the amount of displacement and squeezing
in the state. The corresponding reduced 2×2 covariance
matrix of mode k takes the form σ0 = diag(e
r, e−r). The
reduced covariance matrix of mode k after the Bogoli-
ubov transformation can be written as
σk(θ) =Mkk(θ)σ0MTkk(θ) +
∑
n 6=k
Mkn(θ)MTkn(θ), (20)
where the matricesMij(θ) can be found using equations
(4) and (10).
Let us first compute the contribution E (2) to the fi-
delity. In order to do so we first need to compute the
first moments of the quantum field after the Bogoliubov
transfomation. The initial first moments of the mode k
of the quantum field can be written as 〈Xk〉 = (
√
2δ, 0)T .
Now using the equation (12) we can write the first con-
tribution to the final first moments as
〈X〉 (1) =
( √
2δ<[α (1)kk − β (1)kk ]
−√2δ=[α (1)kk − β (1)kk ]
)
, (21)
Using (18) we find that the second order contribution
E (2) to the fidelity is given by
E (2)1 = 2δ2
(∣∣α (1)kk − β (1)kk ∣∣2 cosh r
+ <[(α (1)kk − β (1)kk )2G∗k2] sinh r
)
. (22)
5Note that this term depends both on the amount of
squeezing r and the amount of displacement δ.
In order to obtain the contribution C (2) to the fidelity,
we need to find the perturbative expansions of Λ and ∆.
Using the equation (7) we find
∆(θ, θ + dθ) = 1 + ∆ (2)
dθ2
2
+ ∆ (2)(θ + dθ)dθ +O(θ2dθ2)
Λ(θ, θ + dθ) =
1
4
(∆ (2)θ(θ + dθ))2 +O(θ3(θ + dθ)3), (23)
where
∆ (2) = 2(σ (0)11 σ
(2)
22 + σ
(2)
11 σ
(0)
22 − 2σ (0)12 σ (2)12 )
+
1
2
(σ (1)11 σ
(1)
22 − 2(σ (1)12 )2), (24)
and σ (n)ij s are the elements of nth order matrices in (13).
After some algebra we find the second contribution C (2)
to the fidelity formula (7) as,
C (2)1 =
∆ (2)
4
= [(fkα + f
k
β ) cosh(r)−
∑
n 6=k
<[α (1)nkβ (1)∗nk ] sinh(r)
− 1
4
(<[α (1)kk β (1)∗kk ] sinh(2r) + |α (1)kk |2 cosh2(r)
+
1
2
(|β (1)kk |2 sin2(φk) +
1
2
=[β (1)kk ]<[β (1)kk ] sin(2φk)
− <[(α (1)kk )2] cos(2φk))] sinh2 r
)
. (25)
2. Two-mode detection
In this section we analyze the precision in the mea-
surement of θ when two modes of the quantum field are
detected. Our aim is again to find the second order con-
tribution to the fidelity which will allow us to find the
leading order term in the QFI and hence the lower bound
on the error in estimation of the parameter θ.
Let us start analyzing the expansion of Λ, Γ and ∆ in
the fidelity formula (8). We first notice that
Λ(θ, θ + dθ) =
∏
i
(1− ν2i (θ))(1− ν2i (θ + dθ))
= (ν (1)1 ν
(1)
2 θ(θ + dθ))
2 +O(θ3(θ + dθ)3))
(26)
which implies that Λ does not contribute to the term C(2)
in the fidelity expansion. Using the multiplicapitivity
property of the determinants, we can write
Γ = det(1+ σ⊕(θ)P(θ, θ + dθ))
∆ = det(σ⊕(θ) + P(θ, θ + dθ)) (27)
where P(θ, θ + dθ) := s−1(θ)σ(θ + dθ)(s−1(θ))†.
For a given a matrix M with perturbative expansion
M = 1 + M (1, 0)θ + M (0, 1)dθ + M (1, 1)θdθ + M (2, 0)θ2
+ M (0, 2)dθ2,
and eigenvlues
λi = 1 + λ
(1, 0)
i θ + λ
(0, 1)
i dθ + λ
(1, 1)
i θdθ + λ
(2, 0)
i θ
2
+ λ (0, 2)i dθ
2
we prove that
det(1+ M) = 16 + 8Tr[M (1, 0)]θ + 8Tr[M (0, 1)]dθ
+ (4
∑
i<j
λ (1, 0)i λ
(0, 1)
i + 8Tr[M
(1, 1)])θdθ
+ (4
∑
i<j
λ (1, 0)i λ
(1, 0)
i + 8Tr[M
(2, 0)])θ2
+ (4
∑
i<j
λ (0, 1)i λ
(0, 1)
i + 8Tr[M
(0, 2)])dθ2.
(28)
Using (27) and (28) we find that, up to third order cor-
rections, Γ = ∆ + ∆c, where ∆c is of the order θ(θ+ dθ).
Considering the perturbative expansions of Λ, Γ, ∆ and
the relation between Γ and ∆, we find that the term√
(
√
Λ +
√
Γ)2 −∆ in (8) does not have any term pro-
portional to dθ2. Therefore, we conclude that the only
term which contributes to the order dθ2 in fidelity is Γ.
We can then obtain the second contribution to the Fi-
delity for a general two-mode Gaussian state as
C(2)2 =
1
16
[(
Tr[(σ(0))−1σ(1)]
)2 − Tr[((σ(0))−1σ(1))2]
+ 4Tr[(σ(0))−1σ(2)]
]
. (29)
Note that in order to find the second contribution C(2) for
any initial state of the quatum field we need to compute
the covariance matrix elements up to second order.
Consider that the initial state of the quantum field is
a generic Gaussian state for modes k and k′, and that
all other modes are in their vacuum state. The reduced
covariance matrix for modes k and k′ is given by
σkk′ =
(
ψk φkk′
φTkk′ ψ
′
k
)
, (30)
where ψk and ψk′ are the reduced covariance matrices of
the modes k and k′ respectively. The 2 × 2 matrix φkk′
contains the correlations between the two modes and it
vanishes for product states. The transformed covariance
matrix is then given by,
σ˜kk′ =
(
Ckk Ckk′
Ck′k Ck′k′
)
, (31)
where
Cij = MTkiψkMkj + MTk′iφTkk′Mkj + MTkiφkk′Mk′j
+ MTk′iψk′Mk′j +
∑
n6=k,k′
MTniMnj . (32)
6We now assume that both modes k and k′ are in a dis-
placed squeezed state, which is a product state. The 2×2
blocks in (30) are ψk = ψk′ = diag (e
r , e−r) while φkk′
vanishes. Using the equations (29) and (32) we find the
contribution C(2) to the fidelity as
C(2)2 =
1
4
∑
i,j
<
[
4 cosh(r)(f iα + f
i
β) + 4 sinh rG
∗2
j Gαβjj
+ 2 cosh2 r(|β (1)ij |2 − f iα + f iβ)− 2 cosh4 r|β (1)ij |2
− 2 sinh2 r(G∗2j α (1)ij
2
+G2jβ
(1)
ij
2
+ 2Giα
(2)
ii
∗
)
− 4 sinh 2r(α (1)ij β (1)ij ) + 2 sinh(2r) cosh2(r)α (1)ij β (1)ij
+ sinh4 r(|α (1)ij |2 − |β (1)ij |2 −G∗2j α (1)ij
2 −G2jβ (1)ij
2
)
− 1
4
sinh2 2r(|α (1)ij |2 − 3|β (1)ij |2 −G∗2j α (1)ij
2
− G2jβ (1)ij
2
)
]
(33)
where we have defined
f iα :=
1
2
∑
n 6=k,k′
|α (1)ni |2
f iβ :=
1
2
∑
n 6=k,k′
|β (1)ni |2
Gαβij :=
∑
n 6=k,k′
α (1)ni β
(1)
nj
∗
.
The first moments of the initial state in this case can
be written as 〈X0〉 = (
√
2δ, 0,
√
2δ, 0)T . Again after com-
puting the first order contribution to the first moments
of the quantum field after the Bogoliubov transformation
we find the second order contribution E (2) as
E (2)2 = 2δ2
[
cosh r(|Akk′ |2 + |Ak′k|2)
+ sinh r(cos(2φk)|Akk′ |2 + sin(2φk)=[A2kk′ ]
+ cos(2φk′)|Ak′k|2 + sin(2φk′)=[A2k′k]
]
, (34)
where Aij = α
(1)
ii + α
(1)
ij − β (1)ii − β (1)ij . Note that this
term depends on both the amount of initial dispalcement
δ and the amount of initial squeezing r in each mode.
Also it is worth pointing out that having non-zero initial
displacement is necessary for the term E (2) to contribute
to the QFI.
V. EXAMPLE: CAVITY IN NON-UNIFORM
MOTION
In this section we show how to apply our techniques
to estimate acceleration using a massless scalar field Φ
confined within rigid moving boundary conditions. In
this case, a massless scalar field is a good approxima-
tion to one of the polarisation modes of the electromag-
netic field [16]. We consider the scenario where a cavity
of length L is initially inertial in a (1 + 1)-dimensional
flat spacetime with co-ordinates (t, x) and then moves
non-inertially for a finite period of time. Initially, we
will consider general trajectories and towards the end of
the example we will present results for a specific trajec-
tory. Independently of the trajectory details, we con-
sider that at all times the field vanishes at the cavity
walls, i.e. Φn(t, xL) = Φn(t, xR) = 0. The field Φ sat-
isfies the Klein-Gordon equation Φ = 0, where the
d’Alambertian takes the simple form  = ∂2t − c2∂2x
in Minkowski coordinates. The solutions to the Klein-
Gordon equation are plane waves. After imposing the
corresponding boundary conditions we find the mode so-
lutions φn. We assume that, after the cavity has under-
gone non-inertial motion, the cavity will once more move
inertially and it is then possible to find a new set of field
modes φ˜n. The two sets of modes φn and φ˜n are related
by a Bogoliubov transformation, details of this transfor-
mation can be found in [12]. The transformation can be
expanded in the form (10) where the small parameter in
this case is h = aLc2 . Here a is the proper acceleration at
the center of the cavity and c is the speed of light. In
this particular setup, the diagonal first order Bogoliubov
coefficients are zero, i.e. α (1)ii = β
(1)
ii = 0. Our aim is
to employ the formulas presented in the sections above
to estimate the proper acceleration a. To do so we con-
sider different initial states of the cavity and we compare
the quantum Fisher information between these different
cases. In [7] this example was studied only in the case
that the initial state of the field was a state with two
modes, each one of them squeezed. Now we will be able
to analyse what initial states provide a better estimation
of the acceleration.
A. Single-mode detection
Let us start with the case where all the modes of the
quantum field inside the cavity are in their vacuum state
except mode k which is in a squeezed displaced vacuum
state. Since in the case of a moving cavity the diago-
nal first order contribution to the Bogoliubov coefficients
vanish, the term E (2)1 is zero, which implies that there is
no advantage in measuring h by initially displacing the
state. Using equations (19) and (25) we find that the
leading order term of the QFI is,
H1 = 4
[
(fkα + f
k
β ) cosh(r)−<[α (1)nkβ (1)nk
∗
] sinh(r)
]
, (35)
which only depends on the first order Bogoliubov coef-
ficients and the squeezing parameter. The Bogoliubov
coefficients here correspond to any trajectory followed
by the cavity. We note that when r = 0 then H1 is very
small. This will give rise to a very large error which can
be decreased by increasing the squeezing in the state.
As already noted, initial displacement will not affect the
precision.
7B. Two modes in a product form
Let us consider a different initial state for the field in-
side the cavity. We assume that two modes k and k′ are
initially prepared in a separable state where each mode is
in a displaced squeezed vacuum. To simplify calculations
we assume the same amount of squeezing r and displace-
ment δ in each mode. Using equations (33) and (37) and
considering that α (1)nn = β
(1)
nn = 0 we find,
C(2)2 =
1
4
<
[
4 cosh r(fkα + f
k
β + f
k′
α + f
k′
β )− 4 cosh4 r|β (1)kk′ |2
+ 4 cosh2 r(2|β (1)kk′ |2 + fkβ − fkα + fk
′
β − fk
′
α )
− 4 sinh2 r(G∗2k′ α (1)kk′
2
+G2k′β
(1)
kk′
2
+G∗kα
(2)
kk +G
∗
k′α
(2)
k′k′)
− 4 sinh 2r(α (1)kk′β (1)kk′ + α (1)k′kβ (1)k′k)
+ 4 sinh r(G∗2k Gαβkk +G∗2k′ Gαβk′k′)
+ 4 sinh 2r cosh2 r(α (1)kk′β
(1)
kk′ + α
(1)
k′kβ
(1)
k′k)
+ 2 sinh4 r(|α (1)kk′ |2 − |β (1)kk′ |2 −G∗k′2α (1)kk′
2 −G2k′β (1)kk′
2
)
− 1
2
sinh2 2r(|α (1)kk′ |2 − 3|β (1)kk′ |2 −G∗k′2α (1)kk′
2
− G2k′β (1)kk′
2
)
]
. (36)
and
E (2)2 = 2δ2
[
cosh r(|α (1)kk′ − β (1)kk′ |2 + |α (1)k′k − β (1)k′k|2)
+ sinh r(cos(2φk)|α (1)kk′ − β (1)kk′ |2
+ sin(2φk)=[(α (1)kk′ − β (1)kk′)2]
+ cos(2φk′)|α (1)k′k − β (1)k′k|2
+ sin(2φk′)=[(α (1)k′k − β (1)k′k)2]
]
, (37)
The QFI is this case in given by H2 = 4(C(2)2 + E(2)2 ).
C. Two-mode squeezed state
Finally we consider an initial state for two modes k, k′
containing entanglement. The state is known as the two-
mode squeezed state and is given by φkk = φk′k′ =
cosh(r)1 and φkk′ = sinh(r)σz where σz is the Pauli z-
matrix. A two mode squeezed state has zero first mo-
ments, therefore, the contribution to the fidelity com-
ing form the exponential term E(2)3 vanishes. Using once
more equation (33) we find that H3 = 4C(2)3 which in
terms of Bogoliubov coefficients yields,
x = 1
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FIG. 1: Quantum Fisher information vs. u = hτ
4L arctanh(h/2)
for modes k = 1 and k′ = 2 when the initial state is only
squeezed x = 0, only displaced x = 1 and with an equal
amount of energy associated to squeezing and displacement
x = 0.5.
H3 = <
[
4 cosh r(fkα + f
k
β + f
k′
α + f
k′
β )− 4 cosh4 r|β (1)kk′ |2
+ 4 cosh2 r(2|β (1)kk′ |2 + fkβ − fkα + fk
′
β − fk
′
α )
− 4 sinh2 r(− cos2(φk + φ′k)α (1)kk′
2
+G2k′β
(1)
kk′
2
+G∗kα
(2)
kk
+ G∗k′α
(2)
k′k′ −=[GkGk′α (1)kk′ ]<[α (1)kk′ ] sin(φk + φk′))
+ 4 sinh r(<[Gαβkk′ + Gαβk′k] cos[φk + φk′ ]
− =[Gαβk′k + Gααkk′ ] sin(φk + φk′))
− 1
2
sinh2 2r(2|α (1)kk′ |2 − 3|β (1)kk′ |2 −Gk′2β (1)kk′
2
]
.
Note that in the limit of zero squeezing for one-mode
detection scheme the QFI reduces to
H1
∣∣
r=0
= 8fkβ , (38)
whereas for the two-mode detection scheme we find the
QFI as
H2
∣∣
r=0
= H3
∣∣
r=0
= 4C(2)vac = 8fkβ + 8fk
′
β + 4|β (1)kk′ |2.
We note that the term |β (1)kk′ |2 is directly related to
the entangelement generated between the modes k and
k′ due to the non-uniform motion of the cavity. It
was shown that the negativity N (which quantifies
entanglement) generated between the modes after the
Bogoliubov transformation has the simple expression
N = |β (1)kk′ | [27]. From equations (38) and (39) one can
see that H2
∣∣
r=0
= H3
∣∣
r=0
∼ 2H1
∣∣
r=0
+ 4N 2 ≥ H1
∣∣
r=0
.
Therefore, employing two modes provides a higher
precision compreard to the single mode case due to the
entanglement generated by the transformation.
So far we have presented our results considering that
the cavity follows an arbitrary trajectory. In order to
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FIG. 2: Quantum Fisher information vs. u = hτ
4L arctanh(h/2)
for three different initial states of the cavity with the same
average energy. A single-mode squeezed state in mode k = 1
(solid black line), two single-mode squeezed states in a prod-
uct form in modes k = 1 and k′ = 2 (dotted red line) and a
two-mode squeezed state in modes k = 1 and k′ = 2 (dashed
blue line).
make a comparison on the estimation of acceleration us-
ing the states analysed above, we specify our example
further. We will consider that the cavity is initially iner-
tial and then undergoes a single period of uniform accel-
eration a and duration τ after which the cavity returns
to inertial motion. In this case the Bogoliubov coeffi-
cients α, β are given in terms of simple expressions of
the inertial-to-Rindler coefficients ◦α, ◦β. These are the
coefficients that relate the solutions of the Klein-Gordon
equation in the inertial frame to the solutions in the uni-
formly accelerated frame. For the particular travel sce-
nario that we consider here, the final Bogoliubov coeffi-
cients are given by
α (1)ij = ◦α
(1)
ij (Gi −Gj),
β (1)ij = ◦β
(1)
ij (Gi −G∗j ),
α (2)ij = Gi◦α
(2)
ij −Gj◦α (2)ji +
∑
k
[Gk◦α
(1)
ki ◦α
(1)
kj
− G∗k◦β (1)ki ◦β (1)kj ],
α (2)ij = Gi◦β
(2)
ij −G∗j ◦β (2)ji +
∑
k
[Gk◦α
(1)
ki ◦β
(1)
kj
− G∗k◦β (1)ki ◦α (1)kj ].
(39)
where ◦α
(n)
ij and ◦β
(n)
ij are the n-th order contributions
of the Bogoliubov coefficients ◦α, ◦β which are given in
full detail in [12]. The coefficients Gn = exp[iω˜nτ ] are
phase factors that each mode n accumulates due to free
evolution during the acceleration period. The angular
frequencies with respect to the proper time at the cen-
ter of the cavity are given by ω˜n =
npih
2L arctanh(h/2) . We
choose to plot our results in terms of the dimensionless
parameter u = ω˜nτ2pin =
hτ
4L arctanh(h/2) .
In order to make a fair comparison between the
schemes considering different initial states, we assume
that the energy of the initial state is the same in each
case, i.e. E0 = ~Nk(ωk + ωk′), where ωn = npi cL is the
frequency of mode n and Nn = sinh
2 r + δ2 is the av-
erage photon number of mode n before the Bogoliubov
transformation. We define the parameter x to denote
the fraction of initial energy associated to squeezing i.e.,
sinh2 r = xNn and therefore the fraction of energy associ-
ated to displacement is given by δ2 = (1−x)Nn. In figure
(1) we plot the QFI H2 as a function of u for x = 0, 0.5
and 1.
In order to understand in more detail the role of
squeezing in the analysis, we plot our results in the case
that the initial displacements are zero. In figure (2) we
compare the quantum Fisher information as a function
of u for the three different initial states: Single-mode
squeezed state (solid black), a product state of two single-
mode squeezed states (dotted red) and an entangled two-
mode squeezed state (dashed blue). We have used dif-
ferent squeezing parameters for different initial states in
such a way that the total energy of the states is the same.
The two single-mode squeezed state provides us with a
better precision in the estimation of proper acceleration
for every value of u. This improvement is due to the en-
tanglement generated between the modes k and k′. Fur-
thermore, the entanglement generated due to the motion
of the cavity reaches a local minimum as shown in [14].
This has a direct consequence on the QFI, which also has
a minumum for u = 0.5, as can be seen in figure (2). It
is worth pointing out that the comparison between the
performance of a single-mode squeezed state and the per-
formance of a two-mode squeezed state, i.e. H1 and H3,
needs to be done at a particular proper time τ . In other
words, for some observers the single-mode squeezed state
is a better choice of initial state while for the others it is
more convinient to prepare the two modes k and k′ in a
two-mode squeezed state.
VI. CONCLUSIONS
In this paper we have provided techniques for the opti-
mal estimation of parameters which appear in quantum
field theory in curved spacetime. This enables the estima-
tion of parameters such as proper accelerations, proper
times, relative distances, gravitational field strenghts, as
well as spacetime parameters of interest such as the ex-
pansion rate of the Universe or the mass of a black hole.
We have combined techniques from quantum metrology,
continuous variable quantum information, symplectic ge-
ometry and quantum field theory in order to develop a
framework which is applicable in a generic scenario in
which the parameter to be estimated is encoded in a Bo-
goliubov transformation. By resticting the analysis to
small parameters and Gaussian states, we are able to
provide analytical formulas for the QFI in terms of Bo-
goliubov coefficients.
9We apply our results to a scenario of current physical
interest, namely the estimation of the acceleration of a
cavity which undergoes non-uniform motion. This exam-
ple was studied before in [7] considering an initial state
consisting of two single mode squeezed states in a prod-
uct form. Here we extend the analysis to one-mode and
two-mode Gaussian states. We show that the generation
of entanglement in two-mode detection schemes increases
the precision, therefore, improving single mode schemes.
Our techniques are applicable to analogue gravity sys-
tems where the effects of space-time on quantum fields
can be investigated in realisable experimental setups [28].
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